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In the Appendix on Basic Notion we listed the following Axism

Axiom 1: Lines, planes and space are sets of points. Spadaigemll points.
Axiom 2: Two distinct points are on exactly one line.

Axiom 3: Any three noncollinear points determine a uniquengl.

Axiom 4: If two points on a line are in a plane, then the entine s in the plane.

Axiom 5: If two distinct plans have a point in common, then gi@nes have an entire
line in common.

NOW TRY THIS 1-1: Prove that two distinct planes that have a point|in

common have exactly one line in common.

The last three axioms are the foundation for three dimeasigeometry. We
have seen that in the plane two lines could either interseatsingle point or be
parallel. In space we have the following basic relation leemvtwo lines:

(a) Two lines mayntersectin a single point.

(b) Two lines argoarallel if there is a plane that contains them and they have no
point in common. (This is the definition of parallel lines).

(c) Two lines areskew linesif there is no single plane that contains them (i.e.
they are not coplanar).
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Example 1-1. In Figure 1-1 in which poinD is not in planex andA, B,C are not
collinear points ima, we see an example of skew lines: li%8 and AD are skew.
To prove that the lines are skew we need to show that there ssngte plane that
contains them. Suppose otherwise, i.e., B@atandAD are both in same plarfe
(not shown). Then pointd, B andC are in that plane. Since planasandf3 both
containA, B andC, by Axiom 3,3 = a. This implies thaD is in planea contrary
to our choice ofD outside ofa. Consequentlyé\<_[)> andBC are not coplanar and
therefore skew. O

Figure 1-1.

Relative Position of a Line and a Plane

Aline can be in the plane, can intersect the plane in exaotypmint or not intersect
the plane. If aline does not intersect the plane thefitieds parralel to the plane.
In what follows we list several theorems relating lines atahps and prove only
some of them.

Theorem 1-1. If b is a line paralléel to plane a, then any plane that contains b
intersect a inaline parallel to /.

Proof. In Figure 1-2 3 is a plane that contains lineand intersects in the linea.
To prove that || b suppose thet andb intersect in a poinP (not shown). Sinca
is in a planen, P is both on lineb and ina, which contradicts the hypothesis thmat
is parallel toa. O
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Figure 1-2

An immediate consequence of Theorem 1-1 is the following:

Corollary 1-1. If alinebisparallel to a plane a then through any point in a there
existsalineparalle to b.

Proof. Let P be a point in plan@&. Consider the plan determined byb andP.
By Theorem 1-1 plan@ intersect in line a parallel tob. Since pointP is in both
place itis oma. O

We are now ready to prove:

Theorem 1-2. A line parallel to two intersecting planesis parallel to their line of
inter section.

In Figure 1-3(Ii_n)e€ is parallel to planesa andf3 which intersect iMB. We need
to prove that a || AB.

Proof. We choose an arbitrary poiR on AB and consider planet uniquelly
determined by andP. Theorem 1-1 tells us that intersects plan@& in some
line a (not shown) parallel td. Similarly since/ is parallel to, it intersect3 in

some lineb (not shown). Notice that both linesandb go throughP, are in plane
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mtand are parallel td, which is also in planet Thus from theParallel Postulate
we conclude thaad = b. Consequently line is ingand inp. Sincﬂhe line of
intersection ofx andp is unique it follows that = AB. Because || /, AB || ¢. [

Figure 1-3.

We now list several theorems without proof; their proofsstraight forward.

Theorem 1-3.1f g, b and c are distinct lines (not necesarily in the same plane) we
have:

if aljc and bJc then aljc.

Theorem 1-4. If each of two intersecting lines are parallel to plane a, then the
plane determined by the intersecting linesis also parallel to a.

Theorem 1-5.If a planeintersectstwo parallel planesthen two lines of intersection
are also paralldl.

NOW TRY THIS 1-2: Draw figures illustrating Theorems 1-3, 1-4 and 1
and prove the theorems.

T
o1
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Perpendicular and Oblique Lines

A line not in the plane and not parallel to the plane interseébe plane in a
single point called théoot of the line. A line n is perpendicular to plane a if
it is perpendicular to every line in the plane, through thetfof n as shown in
Figure 1-4.

= :

Figure 1-4.

If line m does not go through the fodt, thenm is perpendicular ta if n is
perpendicular to line7 such thai' goes througlr andny is parallel tom.

The next theorem gives a very useful criterion for a line tgpbgendicular to
a plane.

Theorem 1-6. If a line is perpendicular to two intersecting lines then it is
perpendicular to the plane determined by these lines.

Proof. In Figure 1-5 linenis perpendicular to two lineg andq in planea (without
loss of generality we assume that the lines goes throughottitd=). Letr be an
arbitrary line through in planea. Given thatp 1. nandq L n we need to prove
thatr | n. We utilize what we know about the perpendicular bisect@ ségment,
i.e., that a point is on the perpendicular if and only if it guelistant from the
endpoints of the segment. For that purpose choose a p@inn and pointD such
that,F is the midpoint ofAD.
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Also choose point®8 andC on lines p and g respectively. NowB andC
are on perpendicular bisectors AD, the first in planeABD and the second in
plane ACD. To prove thatr | n we need only to prove that is also on the
perpendicular bisector o&D. For that purpose it will suffice to shc()lv) that some
point onr is equidistant fromA andD. Let E be the intersection oBC with r.
We will show thatAE = DE. This will be the case if we can prove thatABE
and ADBE are congruent. This would follow by SAS if we know th4ABE
and Z/DBE are congruent. But this congruence of angles follows from fect
that AABC = AACD (SSS). Consequently by SASABE = ADBE and hence
AE = ED, which implies thaEE is the perpendicular bisector AD. O

Figure 1-5.

The following three theorems are given without proof (thegfs are straight
forward and can be found in [1]).
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Theorem 1-7. Two angles (not necessarily in the same plane) whose corresponding
sides are parallel are either congruent or supplementary.

Theorem 1-8. If lines a and b are perpendicular to the same plane then the lines
are parallel.

Theorem 1-9. Let a be a plane and a and b two lines. If a L o and b || a then
bl a.

NOW TRY THIS 1-3: Write a definition of the distance from a point to|a
plane and prove that the length of a segment connecting & pama pointQ
in the plane is less or equal to the distance fi®to the plane.

Definitions

(i) Alinethatis neither parallel or perpendicular to a gas aslant
line.

(i) The projection of a point P onto a planeis the foot of the
perpendicular to the plane through

(iif) The projection of a line or a segment onto a planés the set of
points obtained by projecting the points on the line or thggrsent.

Theorem 1-10. (&) The projection of a line onto a planeis a line determined by
the projection of any two points on theline.

(b) The projection of a segment onto a plane is the segment in the plane
determined by projecting the endpoints ot the segment.

NOW TRY THIS 1-4: Prove part (b) of the Theorem 1-10.

The following theorem is a useful in proving many theorem3-ID geometry.

Theorem 1-11.Alineina plane perpendicular to the projection of a slant line onto
the plane, is also perpendicular to the slant line.

Proof. Given: planea, the slant line/, its projection/’ and linem perpendicular
to/'.
<
Prove: BD L /. O
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Proof. In Figure 1-6,¢ is a slant line with respect to plame PointA is on/ but
not ina. PointB is the intersection of with a. Without loss of generality we can
assume that the line perpendicular td’ is BD whereD is any point on the line.
Consider the plang determined by, B andA’.Mtice that becausﬁ L a(since
A is the foot of the perpendlcular fromto a), AA’ is perpendicular to every line in
o (Theorem 1- 6) ThuAA’ 1 BB. ConsequentI)BD is perpendicular to two lines
in planep; to AA’ and to?’ (given). ThereforéD L 3 and by Theorem 1- (BD 1/
(sincelis in B). O

A’ I'

Figure 1-6.

NOW TRY THIS 1-5:
(a) State and prove a converse of Theorem 1-11.

(b) Use Theorem 1-11 to prove the following:

If ABis perpendicular to a plane and frdnthe foot of the pﬂpendicular
a lineBC is drawn perpendicular to a likein the plane the®C L k.

(c) Prove part (b) independently of Theorem 1-11 by choopings D and
E onk (see Figure 1-7) such th@E = CD. Then connect the points a
shown and use properties of a perpendicular bisector.

[72)
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Definitions

1.

Figure 1-7.

The angle between a line and a plangline not parallel nor
perpendicular to the plane) is the smaller of the two angleaéd
by the line and its projection on the plane.

. Aline in a plane divides the plane into twalf planes. The line

is called theedgeof each half plane.

. A dihedral line is formed by two intersecting planes. It is the

union of two half-planes and their common edge. The halfgdan
are thefaces (Notice the analogy with an angle in a plane. The
sides of a dihedral angle are half planes instead of rays;ahdr
than meeting at a vertex, the half planes meetin aline). Adlil
angle may be thought of as generated by the rotation of a half
plane about its edge.

Rays in the faces of a dihedral angle perpendicular tadige et

a common point on the edge form associated planar angle of

the dihedral angle

Figure 1-8 shows two associated planar ang/e&CB and
/A1C1B1 to the dihedral angle formed by the half planes. It can
be shown that the angles are congruent (see Slaught andd.enne
p. 18).

. Themeasureof a dihedral angleis the measure of any of the

planar associated angles.
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6. Two planes are perpendicularif one of the dihedral angles
formed by the planes is a right angle.

Cq

7

c

Figure 1-8.

Example 1-2. In Figure 1-9/ is a line which intersects the planeBand makes
an angle of 48 with the plane. PoinA is on¢ and the foot of the perpendicular
throughA to the plane i€. PointD is in the plane and’ABD is also 48. Find the
measure o/ ABD.

Solution: We drop the perpendicular fro@ito BD intersectingf) atE. Notice
that EC is the projection ofAE on the plane. From Theorem 1-11 we conclude
that becausdD is perpendicular the projection &E it is also perpendicular
to BE. Thus/BEA is a right angle. LetBC be one unit long. Then using

the Pythagorean TheoreBE = g andAB = /2. ConsequentelE = %AB.

Thereforem(/BAE) = 30° andm(ZABD) = 60°. O
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Figure 1-9.

Additional Topics and where to find them.

1. Slaught and Lenneolid Geometry, Allyn and Bacon 1911. Also available
free on the web:

mathcs.holycross.edu/ ~ahwang/pgdp/Projects/solid_geom.pdf
or Google: The Project Gutenberg eBook #00000: Solid Gegmet
This is an excellent treatment of solid geometry including:
Prism and Cylinders, Pyramids and Cones, Regular and Similar Polyhedra
and The Sphere.

2. Kirk Abigail, Euler’s Polyhedron Formula at
http://plus.maths.org/issue43/features/kirk/index.h tml

gives a clear elementary proof of the formula.

3. Platonic Solids

For a simple very elementary proof that there are only fivelsgpolyhedra
see:

The Regular Polyhedra

http://members.aol.com/Polycell/regs.html
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4. For transformational geometry in 3-D as well as varietiopics in geometry
including Euclidean and Non-Euclidean Geometry see thelkxd book:

Geometry by Kutuzov, B.V. (translated from Russian), SMS@versity of
Chicago 1960. The book is available for free download fromiERS00gle:

ERIC ED143546 - Studies in Mathematics, Volume IV. Geometry
Kutuzov, B.V.



